DIMENSION OF ATTRACTORS AND INVARIANT SETS IN 
REACTION DIFFUSION EQUATIONS 



MARTINO PRIZZI 

o 

Abstract. Under fairly general assumptions, we prove that every compact invari- 
ant set X of the semiflow generated by the semilinear reaction diffusion equation 

pLn 1 iH + f}{x)u - Au = f{x,u), (t, x) e [0, +oo[xQ, 

O 1 u = 0, (t,x) e [0, +oo[xdn 

in Hq(Q,) has finite Hausdorff dimension. Here Q is an arbitrary, possibly un- 
bounded, domain in R 3 and f(x, u) is a nonlinearity of subcritical growth. The 
nonlinearity f(x, u) needs not to satisfy any dissipativeness assumption and the 
"^Ui , invariant subset X needs not to be an an attractor. If Q is regular, f(x,u) is dis- 

<-j ' sipative and I is the global attractor, we give an explicit bound on the Hausdorff 

dimension of I in terms of the structure parameter of the equation. 



^ ■ 1. Introduction 

^ . In this paper we consider the reaction diffusion equation 

u t + p(x)u — Am = f(x, u), (t, x) G [0, +oo[xfi, 
Csj " u = 0, (t,x) e[0,+oo[xdQ 

o ■ 

Here Q is an arbitrary (possibly unbounded) open set in M 3 , f3(x) is a potential such 
that the operator —A + 0(x) is positive, and f(x,u) is a nonlinearity of subcritical 
growth (i.e. of polynomial growth strictly less than five). The assumptions on (3(x) 
and f(x,u) will be made more precise in Section 2 below. Under such assumptions, 
equation (11. ip generates a local semiflow n in the space Hq(Q). Suppose that the 
semiflow 7r admits a compact invariant set X (i.e. ir(t,X) = X for all t > 0). We do 
not make any structure assumption on the nonlinearity f(x,u) and therefore we do 
not assume that I is the global attractor of equation (jl.lj) : for example, I can be an 
unstable invariant set detected by Conley index arguments (see e.g. [II]). Our aim 
is to prove that X has finite Hausdorff dimension and to give an explicit estimate 
of its dimension. When Q is a bounded domain and f(x,u) satisfies suitable dissi- 
pativeness conditions, the existence of a finite dimensional compact global attractor 
for f ll.ip is a classical achievement (see e.g. [HI [121 [20] ) . When Q is unbounded, new 
difficulties arise due to the lack of compactness of the Sobolev embeddings. These 
difficulties can be overcome in several ways: by introducing weighted spaces (see 
e.g. [3 E]), by developing suitable tail-estimates (see e.g. [2U US]), by exploiting 
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comparison arguments (see e.g. jl]). Concerning the finite dimensionality of the 
attractor, in [5J EE] and other similar works the potential {3(x) is always assumed 
to be just a positive constant. In [3] Arrieta et al. considered for the first time 
the case of a sign-changing potential. In their results the invariant set X does not 
need to be an attractor; however they need to make some structure assumptions on 
f(x, u) which essentially resemble the conditions ensuring the existence of the global 
attractor. Moreover, in [3] the invariant set is a-priori assumed to be bounded in the 
L°°-norm. In concrete situations, such a-priori estimate can be obtained through 
elliptic regularity combined with some comparison argument. This in turn requires 
to make some regularity assumption on the boundary of Q. In this paper we do not 
make any structure assumption on the nonlinearity f(x,u), neither do we assume 
dfl to be regular. Our only assumption is that the mapping h >->■ (d u f(x, Q))+h has 
to be a relatively form compact perturbation of —A + (3(x). This can be achieved, 
e.g., by assuming that d u f(x,0) can be estimated from above by some positive U 
function, r > 3/2. Under this assumption, we shall prove that X has finite Hausdorff 
dimension. Also, we give an explicit estimate of the dimension of X, involving the 
number Af of negative eigenvalues of the operator —A + (3(x) — d u f(x, 0). When 
Q has a regular boundary, we can explicitly estimate M by mean of Cwickel-Lieb- 
Rozenblum inequality (see [IB]); as a consequence, if we also assume that f(x,u) is 
dissipative, we recover the result of Arrieta et al. [3]. 

The paper is organized as follows. In Section 2 we introduce notations, we state the 
main assumptions and we collect some preliminaries about the semiflow generated 
by equation (11.11) . In Section 3 we prove that the semiflow generated by equation 
(II. ip is uniformly L 2 -differentiable on any compact invariant set X. In Section 4 we 
recall the definition of Hausdorff dimension and we prove that any compact invariant 
set X has finite Hausdorff dimension in L 2 (Q) as well as in Hq(Q). In Section 5 we 
compute the number of negative eigenvalues of the operator —A + (3(x) — d u f(x, 0) 
by mean of Cwickel-Lieb-Rozenblum inequality. In Section 6 we specialize our result 
to the case of a dissipative equation and we recover the result of Arrieta et al. [3]. 

The results contained in this paper continue to hold if one replaces —A with the 
general second order elliptic operator in divergence form — Y^j=i 9 Xi { a ij{x)d X:j ). 

2. Notation, preliminaries and remarks 

Let a > 1. We denote by L£(R ) the set of measurable functions u: IR — > R 
such that 



where, for y e ~R N , B(y) is the open unit cube in M. N centered at y. 

In this paper we assume throughout that N = 3, and we fix an open (possibly 
unbounded) set ficK 3 . We denote by M B the constant of the Sobolev embedding 
H 1 (B) C L 6 (B), where B is any open unit cube in M 3 . Moreover, for 2 < q < 6, we 
denote by M q the constant of the Sobolev embedding if 1 (M 3 ) C L q (M?). 
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Proposition 2.1. Let a > 3/2 and let oj G L^(M 3 ). Set p := 3/2a. Then, for every 
e > and for every u G Hq(Q), 



(2.1) / \u(x)\\u{x)\ 2 dx< \u\ L *(peM 2 B \u\m + (1-- p)t~ p/{1 ~ p) Mh) ■ 
Jn 

Moreover, for every u G Hq(Q), 

(2.2) f \u(x)\\u(x)\ 2 dx < Ml P \u\ L .\u\%\u\ 2 £- p) . 



Proof. See the proof of Lemma 3.3 in [16]. □ 

Let (3 G L^(]R 3 ), with a > 3/2. Let us consider the following bilinear form defined 
on the space Hq(Q): 



(2.3) a(u,v):~- 



V«(*).Vv(x)«fc + /«,)«<*M*)<fc, «.^^> 
in 



Our first assumption is the following: 
Hypothesis 2.2. There exists Ai > sttc/i #icrf 



(2.4) 



\Vu(x)\ 2 dx+ I (3(x)\u(x)\ 2 dx > \i\u\ 2 L2 , ueH^fl). 
Jn 



Remark 2.3. Conditions on (3(x) under which Hypothesis \2. 6 2\ is satisfied are ex- 
pounded e.g. in PQI2]- 

As a consequence of (12. 4p and Proposition 12. 1[ we have: 

Proposition 2.4. There exist two positive constants Ao and A such that 

(2.5) AoMhi < / \Vu{x)\ 2 dx+ I /3(x)\u(x)\ 2 dx < A \u\ 2 Hl , u£H^(tt). 

Jn Jn 

The constants Xq and A can be computed explicitly in terms of Ai, Mb on<i |/3|i,a-. 

Proof. Cf Lemma 4.2 in [15] □ 

It follows from Proposition 12 .41 that the bilinear form a(-, •) defines a scalar product 
in Hq(Q), equivalent to the standard one. According to the results of Section 4 in 
[15J, a(-, •) induces a positive selfadjoint operator A in the space L 2 (Q). A is uniquely 
determined by the relation 

(2.6) (Au, v) L 2 = a{u, v), u G D(A), v G H^(tt). 

Notice that Au = —Au + j3u in the sense of distributions, and u G D(A) if and 
only if -Au + (3u G L 2 (fi). Set X := L 2 (ft), and let (X a ) aeR be the scale of 
fractional power spaces associated with A (see Section 2 in [15] for a short, self- 
contained, description of this scale of spaces). Here we just recall that X° = L 2 (Q), 
X 1 = D(A), X 1 ' 2 = H%(0) and X~ a is the dual of X a for a G]0,+oo[. For 
a g]0, +oo[, the space X a is a Hilbert space with respect to the scalar product 

(u, v) x « ■= {A a u, A a v) L 2, u,ve X a . 
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Also, the space X~ a is a Hilbert space with respect to the scalar product (•, -)x~ a 
dual to the scalar product (•, i-e. 

(u',v') x - a = {R- l u',R~ l v') xa} n,n G X- a , 

where R a : X a — > X~ a is the Riesz isomorphism u h-> (-,u)x a - Finally, for every 
a G M, A induces a selfadjoint operator : X a+1 — > X a , such that A^ is 
an extension of A^ whenever a' < a, and D(A^ a A = X a+/B for (3 G [0,1]. If 
a G [0, 1/2], it G X l ~ a and n G X 1 / 2 C X a , then 

(2.7) (n, A(_ a )u)(x« x—) = (m, f )xV2 = a(n, t>). 

Lemma 2.5. Lei (X a ) ae iR fre as above. 

(1) If p E [2,6[, t/ien I a C /or a e]3(p - 2)/4p, 1/2]. Accordingly, if 
q G]6/5,2], tfien L g (fi) C X~ a /or a G ]3(2 - g)/4g, 1/2]. 

(2) If o~ > 3/2 and a; G L^(fi) ; £nen tne assignment u h-> um defines a bounded 
linear map from X 1 / 2 to X~ a for a G ]3/4a, 1/2]. 

Proof. See Lemmas 5.1 and 5.2 and the proof of Proposition 5.3 in [15]. □ 

Our second assumption is the following: 

Hypothesis 2.6. 

(1) /: Q x R — )• IR zs snc/i iaat, /or ei>en/ u£l, zs measurable and, for 
a.e. x G /(x, •) zs o/ c/ass C 2 ; 

(2) /(-,0) G iwt/i 6/5 < g < 2 and d u f(-,0) G L^(M 3 ) ; win a > 3/2; 

(3) inere exzsi constants C and j, with C > and 2 < 7 < 3 snca iaai 
\9 U uf{x, u)\ < C(l + |n| 7 ). Notice that, in view of Young's inequality, the 
requirement 7 > 2 is not restrictive. 

We introduce the Nemitski operator / which associates with every function u : Q — > 
M. the function f{u)(x) := f(x,u(x)). 

Proposition 2.7. Assume f satisfies Hypothesis \2.6\ Let a be such that 

1 ^ ^ f 7 -l 32-g 3 

(2.8) - > a > max 



2 [ 4 ' 4 ? 4(7 

Then the assignment u t— > i(u), where 



(2.9) (n,f(n)) (XQ ,x- Q ) : = / f(u)(x)v(x)dx, 

Jn 

defines a map f : X 1 / 2 — > X~ a which is Lipschitzian on bounded sets. 

Proof. See the proof of Proposition 5.3 in [15]. □ 



Setting X := X~ a and A := A ( _ Q ), we have that X a+1 / 2 = X 1 / 2 . We can rewrite 
equation (II. ip as an abstract parabolic problem in the space X, namely 

(2.10) n + Au = f(n). 
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By results in [TT], equation (I2.10p has a unique mild solution for every initial 
datum u G X a+1 / 2 = Hq(Q), satisfying the variation of constants formula 

(2.11) u(t) = e- At u + [ e~ Mt - s) f{u{s)) ds, t > 0. 

Jo 

It follows that (12.101) generates a local semiflow it in the space Hq(Q). Moreover, 
if u(-): [0,T[— > X Q+1 / 2 is a mild solution of (I2.10p . then u(t) is different iable into 
X a+i/ 2 = R i(ty for t G ]o,T[, and it satisfies equation ( EE)} in X = X" a C 
//" _1 (fi). In particular, «(•) is a u>ea£; solution of (II. ip . 

Assume now that X C -f^o(^) is a compact invariant set for the semiflow n gener- 
ated by (I2.10p . If B is a Banach space such that H^(Q) C B , we define 

(2.12) |X|g := max-fli^g | u G X} . 

We end this section with a technical lemma that will be used later. 

Lemma 2.8. For every T > there exists a constant L(T) such that, whenever uq 
and Vq G X, setting u(t) := n(t, u ) andv(t) : = 7r(t,t> ) ; t > 0, the following estimate 
holds: 

(2.13) \u(t)-v(t)\ m < L(T)t^ a+1 ^\u -v \ L 2, t G]0,T]. 

The constant L(T) depends only on \X\ H i, and on the constants of Hypotheses \2.& 
and\2lh 

Proof. We have 

u(t) - v(t) = e- At (u - v ) + f e- A ^- s \i(u(s)) - f(v(s))) ds; 

Jo 

it follows that 

\ U (t) - U(t)| x . +1/a < t-^ +1 ^\ Uo -V U+ [\t - S )-( Q+1 /2)| f(n(s)) _ f( v ( s ))| xds 

Jo 

<t-^ +1 ^\ Uo -VoU+ [ (t-s)^ a+1 ^C(\l\ H l)\u(s)-v( S )\^ +1/2 ds. 

Jo 

By Henry's inequality [IT] Theorem 7.1.1], this implies that 

Hi) - u(t)| x «.+i/ a < L(T)r( a+1 / 2 )|n - Uo | Xj t G]0,T], 
and the thesis follows. □ 

3. Uniform differentiability 

In this section we prove some technical results which will allow us to apply the 
methods of [20] for proving finite dimensionality of compact invariant sets. We 
assume throughout that X C Hq(Q) is a compact invariant set of the semiflow 7r 
generated by equation (12.101) . 
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Lemma 3.1. There exists a constant K such that, whenever uq and vq G X, setting 
u{i) := 7i(t,u ) and v{t) := n(t,v ), t > 0, the following estimate holds: 



(3.1) \u(t) - v(t)\i? + A / \u(s) - v(s)\ 2 m ds < e Kt \u - v \ 2 L2 

Jo 

The constant K depends only on \T\ H i, on Ao and A (see Proposition \2.4\ ), on 
\9 u f(-, 0)|^a ; and on the constants C and 7 (see Hypothesis \2.6\) . 

Proof. Set z(t) = u(t) — v(t). Then 
^l*(*)l£>+ / |V^(t)(x)| 2 ^+ f P(x)\z(t)(x)\ 2 dx 



(f(x, u(t)(x)) — f(x, v(t)(x)) z(t)(x) dx. 
It follows from Proposition 12.41 and Hypothesis 12.61 that 

+ C f (l + |n(t)(x)| 7+1 + |t;(t)(x)| 7+1 ) \z(t)(x)\ 2 dx 



< I \d u f(x,0)\\z(t)(x)\ 2 dx + C'\z(t)\ 2 L2 

7+1 1 U,/+M7+^ 



+ c , (l^)l2r + Kt)l2r)kWli 12 /( 5 -,), 

where C is a constant depending only on C and 7. Notice that 2 < 12/(5 — 7) < 6. 
Therefore, by interpolation, we get that for every e > there exists a constant c e > 
such that 

(3.2) |z(t)i!i 2 /(5- T) <e\z(t)\ 2 Hl +c € \z(t)\h- 

Now (13.21) and Proposition 12.11 imply that, for every e > 0, there exists a constant 
C' t , depending on C, \T\m and e, such that 

(3-3) + X o\m 2 m < e\z(t)\ 2 m + C' e \z(t)\ 2 L2 . 

Now choosing e = A /2 and multiplying (I3.3P by e~ 2C ' et we get 

(3.4) |(e" 2 ^|,(t)|| 2 ) + A e- 2 ^k(t)|^<0. 

Integrating (13 .4p we obtain the thesis. □ 

Let «(•) : R -)■ i/g (^) be a full bounded solution of ( 12.101) such that G X for 
t G R. Let us consider the non autonomous linear equation 

u t + (5(x)u — Au = d u f(x 1 u(t))u, (t, x) G [0, +oo[x£7, 
{ ' :> " )] u = 0, (t,x) G [0,+oo[x«9fi 



DIMENSION OF INVARIANT SETS 

We introduce the following bilinear form defined on on the space Hq(Q): 
(3.6) a(t;u,v) := / V«(i) • Vt> (x) dx 



Proposition 3.2. There exist constants Ki > 0, % = 1, . . . , A, such that: 

(1) \a(t;u,v)\ < Ki\u\jji\v\jji, u,v G Hq(Q), t G R; 

(2) \a{t;u,u)\ > k 2 \u\ 2 h1 - k^u^, u G Hq(Q), t G R; 

(3) |a(£; u, v) — a(s; u, v)\ < nAt — s\\u\hi\v\ h i, u,v G Hq($Y), t,s el. 

Proof. Properties (1) and (2) follow from Hypothesis 12.61 and Proposition 12.11 In 
order to prove point (3), we first observe that, by Theorem 3.5.2 in [11] (and its 
proof), the function u(-) is different iable into Hq(£Y), with |w(-)|#i < L, where L 
is a constant depending on |X|#i and on the constants in Hypotheses 12.21 and 
Therefore we have: 

(3.7) \a(t;u,v) - a(s;u,v)\ < / \d u f(x,u(t)-d u f(x,u(s))\\u(x)\\v(x)\dx 



< / C(l + \u(t)(x)\' r + \u(s)(x)\^)\u(t)(x) -u(s)(x)\\u(x)\\v(x)\dx 
Jn 

< C'(l + \u(t)[' H1 + ^(s)^)!^) -u(s)|tfi|u|ffi|?;|ffi 

< C"(l + 2|Z|^ 1 )L|t - s||«|hi|v|ji, 
and the proof is complete. □ 

Now let A(t) be the self-adjoint operator determined by the relation 
(3.8) (A(t)u,v) L 2 = a(t; u,v), u G D(A{t)),v G H%(Q). 

We can apply Theorem 3.1 in [10J and get: 



Proposition 3.3. There exists a two parameter family of bounded linear operators 
U(t,s): L 2 (Vt) ->■ L 2 (Vt), t > s, such that: 

(1) U(s, s) = I for all s G R, and C/(t, s)C/(s, r) = f/(t, r) /or all t > s > r; 

(2) s)/i G D(A(t)) for all h G L 2 (Q) and t > s; 

(3) for every h G L 2 (Q) and s G R, £/ie map t U(t, s)h is differentiable into 
L 2 (Q) for t > s, and 

^U(t,s)ho = -A(t)U(t, s)h . 
In particular, U(t, s)ho is a weak solution of A3. 5\) . □ 

Given Uq G Z, we take a full bounded solution u(-) of (12.101) . whose trajectory is 
contained in X, and such that u(0) = uq. Then we define 

(3.9) U(u ;t) := U(t,0), t>0, 

where U(t, s) is the family of operators given by Proposition ^. 31 Notice that U{uq\ t) 
does not depend on the choice of «(•), due to forward uniqueness for equation (12.101) . 
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Proposition 3.4. For every t > 0, 

(3.10) sup \\U(uo;t)\\ c{L 2 :L2) < +oo. 

mo ex 

Proof. Let Mo G I and h G L 2 (Q). Set h(t) := U(uq] t)h . Then, by property (3) of 
Proposition 13.31 for t > we have 

d 1 



tI/2 \h(t)\h + J \Vh(t)(x)\'dx+ Jj{x)\h{t){x)\ 2 dx 

d u f(x,u(t)(x))\h(t)(x)\ 2 dx, 

where u(-) is a full bounded solution of (12.101) . whose trajectory is contained in I, 
and such that u(0) = Uq. It follows from Hypothesis 12.61 and Propositions 12.11 and 
El that for all e > 

j t \\h(t)\l 2 + X \h(t)\ 2 Hl 



< / d u f(x,0)\h(t)(x)\ 2 dx + (d u f(x,u(t)(x))-d u f(x,0))\h(t)(x)\ 2 dx 
Jn Jn 

< e\h(t)\ 2 m + c £ \h(t)\h + [ C(l + \u(t)(x)p)\u(t)(x)\\h(t)(x)\ 2 dx 

Jn 

<e\h{t)\ 2 Hl +c € \h{t)\h+ [ C'(l + \u(t)(x)P +1 )\h(t)(x)\ 2 dx 

Jn 

< e\h(t)\ 2 m + (c e + C)\h(t)\ 2 L2 + C'lm^mlim^y 

Since 2 < 12/(5 — 7) < 6, by interpolation we get that for every e > there exists 
a constant c' e > such that 

IM*)IW 6 -,)<^l^)l^ + 4l^)li 2 - 

Therefore we have 

(3.11) f t \\ h (t)\h + MKt)\ 2 m < e\h{t)\ 2 m + C"(e, \l\ H i)\h(t)\ 2 L2 . 

Choosing e = Ao and integrating (13. lip we obtain 

\h(t)\ 2 L2 <e 2C ''^ x ^)% \ 2 L2 
and the thesis follows. □ 
Proposition 3.5. For every t > 0, 

(3.12) lim sup l^^°)-^f°)-^°;*)(^°-"o)U a =0 . 

0<\u(,-vo\ L 2<e 

Proof. Let u ,v G X. Set u(t) := ir(t,Uo), v(t) := ir(t,v ) and 6{t) := v(t) — u{t) — 
U(uq; t)(vo — Wo), t > 0. A computation using property (3) of Proposition 13.31 shows 
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that, for t > 0, 



' ri m)\l*+ f \V6(t)(x)\ 2 dx + f P(x)\6(t)(x)\ 2 dx 
'n Jn 

d u f(x,u(t)(x))\6(t)(x)\ 2 dx 



dtT 



n 



+ / (f(x,v(t)(x)) - f(x,u(t)(x)) -d u f{x,u{t){x)){v{t){x) -u{t){x)))6{t){x)dx. 



n 

Therefore, by Proposition 12.41 

(3-13) Jik m ^ + *°\ e ®\* ^ + ^ + J 3^' 

where 

(3.14) h(t) := [ d u f(x,0)\d(t)(x)\ 2 dx, 



Jn 

(3.15) h(t):= [ (d u f(x,u(t)(x))-d u f(x,0))\6(t)(x)\ 2 dx 

Jn 

and 

(3.16) J 3 (t) = [ (f(x,v(t))-f(x,u(t))-dj(x,u(t))(v(t)-ummdx. 

Jn 

Repeating the same computations of the proof of Proposition 13.41 for e > we get 

(3.17) h(t) + I 2 {t) < e\6{t)\ 2 m + d(e, \l\ H i)\6(t)\%. 
Concerning I^t), for e > we have 

h(t) < [ C(l + |w(t)(x)| 7 + \v(t)(x)\^)\v(t)(x) - u{t){x)\ 2 6{t)(x) dx 
Jn 

< C\9(t)\ L e\v(t) - u(t)\ 2 Ll2/5 + C\9(t)\ L e(\u(t)\l 6 + \v(t)\le)\v(t) - u(t)\l»/M 

< e\9(t)\ 2 Hl + C 2 (e, \I\ m )(\v(t) - u(t)\W + W) ~ 
< e\6(t)\ 2 H1 +C 3 (e, |X|^)(|^(t)-«(t)| Hl |^(t)-«(t)|l 2 + |^(t)-«(t)i^|^(t)-«(t)lS 7 ) 



Choosing e = A /2, we get 

— WXh-die, \l\m)\e(t)\h 

< C 3 (e, \T\ H i)(\v(t) - u(t)\m\v(t) ~ u(t)\% + \v(t) - u(t)\m J Ht) ~ ^)£ 7 ) 
< 0.(6, |Z|in)(|t;(t) - n(t)|i 2 + |«(t) - u(t)\m\v(t) - u(t)\vl 



By Lemma [3.11 we get 



< C 4 (e, |X| Hl )(e 3 ^|^o - «oi| 2 + e^ Kt \v(t) - u(t)\ 2 m \v - u &) 
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Writing G\ for Ci(e, |X|#i) and C4 for C±(e, |X|jyi), we have 

(3.18) j^~ Cit \m\%) 

< CM m ~ Cl)t \vo - noli, + e^ K -°*\v{t) - m*\* - 

Finally, integrating A3. 18j) . recalling that 6(0) = and taking into account Lemma 
13. 1[ we get the existence of two increasing functions and $2^) such that 

\e(t)\\ 2 < ^{t)\v Q - u |i 2 + a> 2 (t)\v - u \l7, 

and the thesis follows. □ 

4. Dimension of invariant sets 

Let X be a complete metric space and let /C C X be a compact set. For d G R + 
and e > one defines 

(4.1) li H {K,,d,e) := inf i £V? | K C (J^^ ^ < e 

where the infimum is taken over all the finite coverings of /C with balls of radius 
Ti < e. Observe that //ff(/C, d, e) is a non increasing function of e and d. The 
d-dimensional Hausdorff measure of /C is by definition 

(4.2) ^h(^i d) ■= lim /i#(/C, d, e) = sup /J#(/C, d, e). 

One has: 

(1) d) e [0,+oo]; 

(2) if //# (/C, d) < 00, then /i#(/C, d) = for all d > d; 

(3) if /i_ff(/C, d) > 0, then //sr(/C, d) = +00 for all d < d. 

The Hausdorff dimension of /C is the smallest d for which /i# (/C, d) is finite, i.e. 

(4.3) dim H (/C) := inf {d > | ^(/C, d) = 0}. 

As pointed up in [TU] , the Hausdorff dimension is in fact an intrinsic metric property 
of the set K. Moreover, if y is another complete metric space and I: K — > y is a 
Lipschitzian map, then dim^(£(/C)) < dimjy(/C). 

There is a well developed technique to estimate the Hausdorff dimension of an 
invariant set of a map or a semigroup. We refer the reader e.g. to [20] and [12]. The 
geometric idea consists in tracking the evolution of a d-dimensional volume under 
the action of the linearization of the semigroup along solutions lying in the invariant 
set. One looks then for the smallest d for which any d-dimensional volume contracts 
asymptotically as t — > 00. 

Let u G X and let u(-): R — > Hq(Q) be a full bounded solution of (I2.1(jp such 
that u(0) = uo and u(t) G X for t G R. For t > 0, we denote by a„ (t;w, -u) the 
bilinear form defined by (13.61) . and by A So (t) the self-adjoint operator determined by 
the relation (13. 8p . Given a d-dimensional subspace Ed of L 2 (Q), with ^ C Hq(Q), 
we define the operator A Qo {t \ Ed) : Ed Ed by 

(4.4) (A Uo (t I E d )<P,iP) L 2 := Ofiofo&V), e £ d - 
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Notice that, if E d C D(A Uo {t)), then one has A Uo (t | E d ) = P Ed Au (t)P Ed \E d , where 
Pe a '■ L 2 {Q) i? d is the L 2 -orthogonal projection onto E d . We define 

(4.5) Tr d (A ao (t)) := inf Tr (A^t \ E d )). 

dim E d =d 

Let -u G I, let d e N and let v ^ e £ 2 (fi), z = 1, . . . , d. Set t>j(t) := U(u ;t)v 0ti , 
t > 0, where U(u ;t) is defined by ( 13. 9p . We denote by the <i-dimensional 
volume delimited by t>i(t), . . . , v d (t) in L 2 (fl), that is 

(4.6) G(t) := \v 1 (t)Av 2 (t)A---Av d (t)\ A a L 2 = (det(( Vi (t), ^(t)) L2 ) y ) 1/2 . 

An easy computation using Leibnitz rule and Proposition 13.31 shows that, for t > 0, 
G(t) satisfies the ordinary differential equation 

(4.7) G'{t) = -Tr(A ao {t\E d (t))G(t), 

where E d (t) := span(vi(t), . . . , v d {t)). It follows from Propositions 13.41 and 13.51 and 
from the results in (201 Ch. V] that the Hausdorff dimension dim^(X) of X in L 2 (Q) 
is finite and less than or equal to d, provided 



1 /•* 

limsup sup - / — Tr d (Au (s)) ds < 0. 
ex * Jo 



Therefore, in order to prove that dim#(Z) < d, we are lead to estimate — Tr d (A Uo (t)). 
To this end, we notice that, whenever E d is a <i-dimensional subspace of L 2 (Q), and 
B : E d — > E d is a selfadjoint operator, then 

Tr( J B) = ^( J B0 i ,^) i2 , 
i=i 

where 0i, 0^ is any L 2 -orthonormal basis of E d . So let E d C i?o(^) ^e a 
(i-dimensional space and let 0i, . . . , d be an L 2 -orthonormal basis of E d . Fix 
< 5 < 1. It follows that 

(4.9) Tr(A Uo (t \ E d )) 

= W(l-5)(/ |V^| 2 dx+ / P(x)\<t>i\ 2 dx) - f d u f\xMU 2 dx 
i=1 V \Jn Jn / in 



+ 8J2( [ \V(j) l \ 2 dx+ [ Pix)^ 2 dx 

d „ 

+ J2 / (d«/MO)-0«/M))M 2 <fc- 

i=l ■'n 
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We introduce the following bilinear form defined on the space Hq(Q): 



(4.10) as(u, v) := (1 — 5) ( / Vu(x) ■ Vf (x) dx + / /3(x)u(x)v (x) dx 

Jn / 

d u f(x, Q)u(x)v(x) dx, m,dG Hq (fi). 



Let As be the self-adjoint operator determined by the relation 

(4.11) (A s u,v) L 2 = a s {u,v), u e D(A s ),v E H%(Q). 

Given a (^-dimensional subspace E d of L 2 (Q), with E d C Hq(Q), we define the 
operator A 5 (E d ) : E d ^ E d by 

(4.12) (A 5 (E d )<f>, ij) L 2 := a s ((f>, V), 0, V> £ 
It follows that 

(4.13) Tr(A Uo (t | = Tr(A s (E d )) + dj^ (j[ |V0;| 2 + ^ /^x)^! 2 cfe) 

+ / (0«/MO)-^/M))M 2 <fc- 

i=l ■'n 

We introduce the proper values of the operator 

(4.14) yUj(^) := sup inf a s (ip,ip) j = l,2,... 

|^| ia =i,VeflS(n) 

We recall (see e.g. Theorem XIII. 1 in [17]) that: 

Proposition 4.1. For each fixed n, either 

1) there are at least n eigenvalues (counting multiplicity) below the bottom of 
the essential spectrum of As and /i n (As) is the nth eigenvalue (counting mul- 
tiplicity); 

or 

2) fi n (As) is the bottom of the essential spectrum and in that case fi n+ j(As) = 
fi n (As), j — 1, 2, . . . and there are at most n — 1 eigenvalues (counting mul- 
tiplicity) below p, n (As). □ 

Let fij(As(Ed)), j = 1, • • • , d, be the eigenvalues of As(E d ). By Theorem XIII. 3 
in [IT] , we have that 

(4.15) H(MEd)) > Hj{As), j = 1, . . . , d. 
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It follows that 



(4.16) Tr(A Uo (t\E d ))>J2fi t (A s ) + 5j2([ \V&\ 2 dx + [ P{x)\<t>i\ 2 dx 

i=i i=i Jn ' 

d „ 

+ Y) / (d u f(x,u(t)) - dJ&O))^ 2 dx. 
i=i J n 

To proceed further, we need to recall the Lieb-Thirring inequality (see [13]). 

Proposition 4.2. Let N G N and Ze£ p G R, u»'to max{iV/2, 1} < p < 1 + N/2. 
There exists a constant K p ^ > such that, if 4>\, . . . , (f)d G H 
L 2 -orthonormal, then 

(4.17) j^f m(x)\ 2 dx>-±- 



lfTO>N\ 



are pairwise 



\ 2(p-l)/iV 

p(a;) p/(p - 1) dx 

N \JRN J 



where p(x) := Ya=i \4>i( x )\ 2 - 
Now we have: 



□ 



Lemma 4.3. Let u G X and /e£ 0i ; . . 0d G iJ 1 (IR. iV ) fre pairwise L 2 -orthonormal. 
Then 



(4.18) 6J2( [ \V<Pi\ 2 dx+ [ Pix)^ 2 dx 
i=1 \Jn Jq j 

d „ 

+ Y, / (d u f(x, u(x))-d u f(x,0))\<Pi\ 2 dx > -D(j,X Q ,6,\I\ m ), 
i=i J n 



where 

(4.19) D(-y,\ ,5,\I\ H i) 



5/3 2 
" 2\5 6X 

Proof. We observe first that 



7 + 1 



(C|X|^ 1 ^6/( 7 +l),3) 



(4.20) 5J2( I |V0i| 2 dx+ f (5{x)\ct) % \ 2 dx) >5A V / \V<p % \ 2 dx. 

i=1 \Jq Jq J i=1 ./n 

On the other hand, 



(4.21) 



{d u f(x, u(x)) - d u f(x, 0)) p(x) dx 



< / C(l + |n| 7 )|n||p|dx 



< C|n| L 5/2|p| i5 /3 + CImI^IpI^as-t) 
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By Lieb-Thirring inequality (14. 17ft . we have 



(4.22) 



(d u f(x, u(x)) - d u f(x, 0)) p(x) dx 



J2 [ \V<f>i\ 2 dx) 

1=1 J® N J 



( 7 +l)/4 



The conclusion follows by a simple application of Young's inequality. 



□ 



Thanks to Lemma [4. 3[ we finally get: 



(4.23) 



Tr(A Uo (t | E d )) > ^2fa{As) - D(j,X ,5, \Z\ H i 



Therefore, in order to conclude that dim^(X) is finite, we are lead to make some 
assumption which guarantees that Y^h=\ l^ii^-s) can be made positive and as large 
as we want, by choosing d is sufficiently large. This is equivalent to the fact that the 
bottom of the essential spectrum of Ag be strictly positive. We make the following 
assumption: 

Hypothesis 4.4. For every e > there exists V e G L r (Q), r > 3/2, V e > 0, such 
that d u f(x, 0) < V e (x) + e, for x eft. 

We need the following lemmas: 

Lemma 4.5. Let r > 3/2 and let V G L r (fi). If r > 3 let p := 2; if r < 3 let 
p := 6/5. Then the assignment u h-> Vu defines a compact map from Hq(Q) to 
L p (tt), and hence to H- l (tt). 

Proof. Let B C Hq(Q) be bounded. If B is a Banach space such that Hq(Q) C B, we 
define \B\q := sup{|m|^ | u G B}. If u G Hq(Q) we denote by u its trivial extension 
to the whole R 3 . Similarly, we denote by V the trivial extension of V to M. 3 . For 
k > 0, let Xfc be the characteristic function of the set {x G M 3 | |x| < A;}. Now, for 
u E B and > 0, we have: 



(4.24) 



\(l-Xk)Vu\ P dx< 



\V\ r dx 



x\>k 



p/r 



pr 

lul^-p dx 



\x\>k 



{r-p)/r 



l-Xk)Vu\ LP < \B\ L ^_\(l- X k)V\ L r, ueB,k>0. 



It follows that 
(4.25) 
Similarly, we have: 

(4.26) \XkVu\ LP <\V\ L AXku\ j^, ueH^(n) } k>0. 
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Now, given e > 0, we choose k > so large that |(1 — Xk)V\ir < e. Then 

(4.27) {Vu | u G B} = {xkVu + (1 - X k)Vu \ueB} 

C { Xk Vu | u G B} + {(1 - Xfc)V« | w e B} 

C {'« G L P (M 3 ) | \v\lp < e} + {x fc Vu | U G 5}. 
We notice that 2 < pr/(r — p) < 6: therefore, By Rellich's Theorem, H 1 (Bk(0)) is 

pr 

compactly embedded into L~ . It follows that the set {xkU \ u G B} is precompact 

pr ~ 

in L~. By f)4.26p . we deduce that {XkVu I u G -B} is precompact in L P (R ). A 
simple measure of non compactness argument shows then that the set {Vu \ u G B} 
is precompact in L P (1R 3 ) and this in turn implies that the set {Vu \ u G B} is 
precompact in L P (Q). □ 

Lemma 4.6. Let V be as in Lemma \4^[ Let A + V be the self adjoint operator deter- 
mined by the bilinear form a(u,v) + j n Vuvdx, u,v G Hq(Q). Then, for sufficiently 
large A > 0, (A + A) -1 — {A + V + A)" 1 is a compact operator in L 2 (Q). 

Proof. Take A > so large that A + V + A be strictly positive. Let u G L 2 (Q). Set 
v := (A + V + A)~ 1 m, if := (A + A) _1 m and z :=v — w. This means that 

(4.28) a(v,(j)) + \(v,(j>) + / Vv(f)dx= / w^dx, for all G ^(O) 

in Jn 

and 

(4.29) a(w,0) + \{w,(f>) = / for all <p G #o(^)- 
It follows that 

(4.30) a{z,<f)) + \{z,<f)) + I Vv<pdx = 0, for all (f) G Hq(Q). 

Jn 

Choosing cf) := z, Proposition 12.41 and Lemma [4.51 imply 

Ac 
2 



(4.31) X \z\ 2 m < \z\ H i\Vv\ H -i < ^-\z\ 2 H1 + K Xo \Vv\ 2 H - v 



Therefore we obtain the estimate 

(4.32) |(A + A)- 1 m-(A + V + A)- 1 m|^i < K Xo \V{A + V + \y l u\ H -i, ueL 2 (Q), 
and the conclusion follows from Lemma 14.51 □ 
Now we can prove: 



Proposition 4.7. Assume Hypothesis 4-4 ^ s satisfied. Then the essential spectrum 
of A$ is contained in [(1 — S)Xi, +oo[. 

Proof. Hypothesis 14.41 and Proposition 14.11 imply that, for every e > 0, the bottom 
of the essential spectrum of As is larger than or equal to the bottom of the essential 
spectrum of (1 — 5) A — e — V e (x). We observe that the spectrum of (1 — 5) A — e 
is contained in [(1 — <5)Ai — e, +oo[. By Lemma 14.61 and Weyl's Theorem (see [T7J 
Theorem XIII. 14]), the essential spectrum of (1 — 8) A — e — V e (x) coincides with 
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that of (1 — 8) A — e. It follows that the bottom of the essential spectrum of As is 
larger than or equal to (1 — 5)\\ — e for arbitrary small e > 0, and the conclusion 
follows. □ 

Whenever Hypothesis 14.41 is satisfied, for < 5 < 1 and A < (1 — <5)A we introduce 
the following quantity: 

(4.33) N(5, A) := # eigenvalues of As below A 
Then, for d > M (5, ^Ai) we have: 

(4.34) £ ^(As) > M (s, ^Ai) k(6) + (d - M (5, ^A x ) ) 1 -^X 1 
We have thus proved our first main result: 

Theorem 4.8. Assume Hypotheses \2.2\Wlh and 4-4 are satisfied. LetX C Hq(Q) be 
a compact invariant set for the semiflow tt generated by equation A2.10\) in Hq(Q). 
Then the Hausdorff dimension of I in L 2 (Q) is finite and less than or equal to d, 
provided d is an integer number larger than max{di,d 2 }, where 

(4.35) g?i := M fs, -y-Ai 

and 
(4.36) 

d2 := (i -5)\ 1 (*' ^!T Al ) (^!T Al " fIl{As) ) + jD(7 ' Ao ' 5 ' lIlm) ) ■ 

□ 

Remark 4.9. The first proper value Hi(As) of As can be estimated from below in 
terms of X and \d u f(-, 0)\l<?- The explicit computations are left to the reader. 

Remark 4.10. By Lemma [2~8\ also the Hausdorff dimension of I in Hq(Q) is finite 
and it is equal to the Hausdorff dimension of I in L 2 (Q). 

5. Estimate of N (<5, ^A x ) 

In this section we shall obtain an explicit estimate for the number M (8, ^-Xij 
in terms of the dominating potential V e of Hypothesis 14.41 Our main tool is the 
celebrated Cwickel-Lieb-Rozenblum inequality, in its abstract formulation due to 
Rozenblum and Solomyak (see [IB]). In order to exploit the CLR inequality, we 
need to make some assumption on the regularity of the open domain Q. Namely, 
we make the following assumption: 

Hypothesis 5.1. The open set Q is a uniformly C 2 domain in the sense of Browder 
[3 p. 36]. 

As a consequence, by elliptic regularity we have that D{— A) = H 2 (Q) nifg(Q) C 
L°°(fi). In this situation, if w G K(R 3 ) then the assignment u 1— > urn defines a 
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relatively bounded perturbation of —A and therefore D(— A + u) = H 2 (Q) C\Hq(Q). 
It follows that X a C L°°(Q) for a > 3/4 (see [IU Th. 1.6.1]). 
Set e := (1 — 8) Ax/4. Define the bilinear forms 

(5.1) a$ jg (u, v) :— (1 — 5) I / Vu ■ Vt> + / /3ut> da: J — 3e / uvdx, 

\Jn Jn J Jn 

and 

(5.2) bs : i(u,v) := — / V^uvdx. 

Jn 

Moreover, set 

(5.3) as,e(u, v) := a SjS (u, v) + b s ,e{u, v) 

and denote by and A&^ the selfadjoint operators induced by and respec- 
tively. 

A simple computation shows that 

(5.4) N (s, < n s - e , 



where ng^ is the number of negative eigenvalues of Ag iS . 

By Theorem 1.3.2 in j8], the operator Ag tS is positive (with A$^ > el) and order 
preserving. Moreover, since D(Ag-) C L°°(Q) for a > 3/4, then for every such a 
and 7 < e we have 



(5.5) \e- tA ^-u\ L °o < M a ^t- a e-^\u\ L 2 } u e L 2 {9), 

where M aa is a constant depending only on a, 7 and on the embedding constant of 
H 2 (Q) into L°°[n). It follows that 

(5.6) M A Jt) := ||e-(*/^ W-0 ^ ^a^"^-* 

We are now in a position to apply Theorem 2.1 in [18]. We have thus proved the 
following theorem: 



Theorem 5.2. Assume that Hypotheses \2.2\ \2.b\ \4-4\ and 15.11 are satisfied. Let 
e := (1 -5)Ai/4. T/ien 

(5.7) Af \5, ^Aj < n,, E < C 2<? M 2g>7 jf \4(x) 9 da:, 

where C a is a constant depending only on a, for a > 3/4. □ 

6. DlSSIPATIVE EQUATIONS: DIMENSION OF THE ATTRACTOR 

In this section we specialize our results to the case of a dissipative equation. We 
make the following assumption: 
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Hypothesis 6.1. There exists a non negative function D G L q {VL), 2 > q > 3/2, 
such that 

(6.1) f{x,u)u < D{x)\u\, {x,u)eQxR. 

Remark 6.2. Hypotheses \ 6.1\ and \2.2\ together are equivalent to the structure as- 
sumption of Theorem 4-4 ^ n E2- 

An easy computation shows that \f(x, 0)| < D(x) for and that F(x,u) := 

Jo* f( x i s ) ds satisfies 

F(x,u) < D(x)\u\, (x,u)enxR. 

By slightly modifying some technical arguments in [15], one can prove that the semi- 
flow 7r generated by equation (I2.10p in Hq(Q) possesses a compact global attractor 
A. Moreover, n is gradient-like with respect to the Lyapunov functional 

(6.2) C(u):= i \Vu\ 2 dx + i (5(x)\u\ 2 dx - I F(x,u)dx, u G H\Q). 

Jn Jn Jn 

Assuming Hypothesis I6.1[ we shall give an explicit estimate for |*4|#i in terms 
of Moreover, we shall prove that Hypothesis 16. II implies Hypothesis I4.4[ and 

we explicitly compute the dominating potential V t in terms of D. Therefore, we are 
able to obtain an explicit estimate for the number Af (<5, ^rAi) in terms of | . 
As a consequence, the estimate of the dimension of A given by Theorem 14.81 can be 
made completely explicit in terms of the structure parameters of equation (11. ip . 

We have the following theorem: 

Theorem 6.3. Assume Hypotheses \2.2v \2.6i and \6.1\ are satisfied. 

(1) Let (f) G Hq(Q) be an equilibrium of ix . Then 

where M q > is the embedding constant of Hq(M?) into L q '(M. 3 ). 

(2) There exists a constant S > such that 

< S f or a M u e A; 

The constant S can be explicitly computed and depends only on C , 7, a, Xq, 
Aq, \D\iq, \d u f(-,o)\i,a and on the constants of Sobolev embeddings. 

Proof. Let cf) G Hq(Q) be an equilibrium of 7T. Then, for e > 0, we have 
M<P\m< I \V<p\ 2 dx+ I f3{x)\<p\ 2 dx = [ f(x, (/>)(/) dx < [ D(x)\<j)\dx 



a, Jn 



< \D\ Lq \(f>\ Lq . < e|0|^ + -\D\ 2 Lq < eM 2 \(j>\ 2 Hl + -\D\\ q - 

choosing e := Xq/{2M 2 ,) we get property (1). In order to prove (2), we notice that, 
since £ is a Lyapunov functional for 7r and A is compact in Hq(Q), there exists an 
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equilibrium such that, for every u G A, 

\Vu\ 2 dx + / /3(x)\u\ 2 dx — / F{x ) u)dx 
<> Jn Jn 



< / \V<p\ 2 dx+ / f3{x)\<p\ 2 dx - / F{x,<f))dx. 
Jn Jn Jn 



Then, for e > 0, we have: 

-V)Mlfi < / D(x)\u\ dx + A |0|^-i + / F{x 1 4>)dx 
Jn Jn 

< eM}\u\ 2 Hl + ^\D\ 2 Lq + Aol^x + / F{x,<j))dx. 

We choose e := Ao/(2M|,) and the conclusion follows. □ 
Finally, we have: 

Theorem 6.4. Assume that Hypotheses \2.6i and \6.1\ are satisfied. Then for every 
< e < 1, 

9«/(x,0)<-£)(x) + |c(l + eT). 
Proof. For e > we have: 

f(x,e) = f{x,0) + d u f(x,0)e + ^ ^ d w /(x,r)drj ds. 
It follows that 

f(x,0)e + d u f(x,0)e 2 + e^ (J d uu f(x,r)dr^J ds = f(x, e)e < D(x)e. 



Therefore 



9J(X , o) < m±mEM + 1 j C(1 + | rP) ^ „, 



and the conclusion follows. □ 

Remark 6.5. Inequality (3) in Theorem \6.4\ shows that Hypotheses \2.6i and \ 6.1\ 
together imply Hypothesis \4-4\ with V e (x) — —D(x). 
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